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J INTRODUCTION

* A differential equations that involves independent, dependent vaiables
and derivatives of dependent variables.
* The following are the example of differential equations:
dy d’y _dy

—+2y=0,—5+3—+2=0
xR Ui

- J ORDER & DEGREE

* Order of a differential equation: The order of a differential equation is
the order of the highest derivative occurringin it.

X a2 %
Thcadadmedﬁrmﬁdcquaﬁm[%] =[1+% [%” is3,

o d’y
which is the order of el
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* Degree of a differential equation: The degree of a differential equation is
the highest power of the highest order derivative occurring in it after the
equation is freed from radical signs and fractions in the derivatives

2o\ 2
The degree of the diffrential equation 5(%——{) —(%) +2y =sinx 195,
X

2
since the highest order derivative is (d—);) and its power is 4.
dx

. EQUATION IN SEPARABLE FORM

The general form of a differential equation is f(x) dx + &é(y) dy = 0, or |
equation which can be expressed that coefficient of dx is a function of x
only and the coefficient of dy is a function of y only.

Stepwise procedure to solve the equation in separable form

Step I: Write the given differential equation in the form f(x) dx + g(y) dy =0
Step II: Integrate both the sides and add an arbitrary constant on one side.

Example :1 4y el
dx X dy x
d ’ we have, — +2x =3e
y dx

solution (i)we have, —==3x*+-
dx X

This eqution can be witten in seprable fromas: = dy=(3€x - ZX)dX

1 .
dy=(3x2 +§de | integrate, we get
Integrate bot the sides,we get f dy:f'(3(:3x - Zx)dx

1
dy=|3x*+— |d
f y(x+z) e y=3e’—x*+c

y=f x’dx +f Laxec
X

3
y= g-;— +logx+c

or y=x* +logx+c
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d

we have, ~-cos (x+y)
dx

put xt+y-z

$y_dz

dx dx
dy dz

dx dx
Equation (1)reduced to,

dz

——1=cos

dx

OR E=1+cosz:> dz =dx

dx 1+cos z

dy

we have, 2xy —L=x’+3y°
xydx y

solution (ii) 2xy d—y=x23y2
dx
2 2
- dy _X°+ 3y

ix 2%y [Homogeneos]

dy dv
puty-vxand —-v+x—
dx dx

from eqution (1),we get

dv _ 11:23112)«'2 1+3v?
dx  2x vx 2v

vV+X

dz

Intigrate, f f dx

1+cosz

dz
=xX+C

f

2cos?Z
2
1 [z
Or —f sec (—)dz=x+c
2 2

12.tan[—z—)=x+c
2

log |1 +v2| =log|x|+log|c|

1+vi=cx

v
put v=—
X

XX+ Yy =cx*x ORX* +y* =cx’

2
A
OR tan—=x+c
2
ORtan(ﬂ)=x+c
2
A\, dv _1+3v? v_ 1+3v - 2V2 1+
dx 2v 1 2v 2v
2vdv dx
1+v2 X
Intigrate fZVdV—f—




(xy?+x)dx +(yx* + y)dx=0.
solution: we have,

(xy*+x)dx+(yx* +y)dy=0
> x(y*+1)dx+y(x*+1)dy=0

Divinding by (1+x?)(1+ y* ), we get

xdx y
- dy=0

1+x* 1+ y=

OR

Integrate,

fodx+ 2y dy

1+x? ,\/1+

log|1+x2|+log|1+yz|=log|c|

=log|c|

or log|(1+x2)(1+yz)|=log|c|

= (14x%)(1+ ) =c

We have, j‘_)_’_:y tan 2x
dx

= Q=tan 2x dx

y
. dy
Intigrate, f —=ftan 2x dx
y

1
log |y|-§log|sec 2x|=log|c|

2logly |-log|sec 2x| =2log|c|

= y’cos2x = ¢?

= y = cisec2x

[log lc|is arbitarary constant]

put x=0,y=2, 2 =cyfsec) = 2=c

putting the value of in eqution (2),we get

y - 2Vsec2x or y’cos 2x-4
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(J HOMOGENEOUS EQUATIONS

dy x’+xy

A homologus equation of the form d&  2xy , where f(x,y) and g(xy) are
homogenous function in x and y of the same degree is said to be
homogeneous differentiated equation.

dy_x2 +xy
dx

is a homogeneos differential eqution.

Stepwise procedure to solve a homogeneos differential equation:

Consider a requation— =

step-I:put sothatd— v+x—
p-lput y=vx, ax o

dy _f(xy)
9(xy)
dv

step-Il:Separating the variables.
step-Ill:Integrate

step-iv:put v= Y and simpalify
x

X2%=X2—2)’2 +Xy. Intigrate, f-——dv—zzfg
(< X
Solution (i) we have, ! ( ZV)
dy _ . 2 1++/2v
X —L=x*-2y*+xy ——lo =log|x|+lo
i 2\/5 81| = o8lx|+logk]
2
ORI _X _2{2+W[Homogeneous] 1 x+J2y
dx X log =log |xc|
dy dv Z\E 1- ,/

ut y=vx,so that —=v+x—
puty i

dx

Eqution (1)reduced to OR

V+X

dv_x"—2v"x2+xvx_ 1-2V +v

dx X - v
:xﬂ—l 2v?
dx
dv dx
p— = —
1-2v?  x
—_Gv _dx

X+\2y
x—2y

LOG|—Y—|=log((

xc) '

(s}




(J LINER DIFFRENTIAL EQUATION

* A differential equation is said to be liner if the dependent variable and all |
of its derivates occur only in the first degree and not multiplied together.

(ylogy)dx+(x—-log y)dy=0
Solution (ii) we have, (ylogy)dx+(x-logy)dy =0
Thish eqution can be written as
dy _ ylogy
dx logy-x
or & _(logyx) logy  «x
dy  ylogy ylogy ylogy
dx+ x 1

dy ylogy vy
This is a linear differential equation in x.

| ze[bsltl —¢logw

solution of (1)is given by
xlogy =Illogy dy +c
y

(logy)’
2

0Rx=logy P

+C

logy




dy
1)—L=1.
(xey+ )dx

solution (i) we have,
dy
X+y+l)—==1
(xey+) o7
OR gx_ =x+y+1
dy
OR gx__ x=y+1
dy
which is linear differential eqution in x.

Here, P=1, Q=(Y+1)

jro

~.LF.=e =e7

solution of (1 is
x. 7 =I(y+ l)e'ydy+c=>xe'y =—y(y+ 1)3"' -1’ +c
OR x=(y+2)+ce’

xdx+ydy+-x—(—izy;ygzx—=0
X+y
solution (i) x dx +y dy + M
X+y
OR (x- zy 2)dx+(y+ zx ?_de=0
X“+y X +y
2 2 2
Here, M=x- zy 2:>6M=o_ u +y2—y.22y =Y X -
X"+y &y (x2+y2) (x2+y2)
and N=y+—
X+
2..2
= @zo x“y° -x.2x
ox (x2+yz)
_ y2_x2
= L
(" + )
M N




—— s ———e e e e - ——— -

. Eqution (1) is exact and its solution is given by

!(x—xz fyz )dx + Iy dy =c

(treating y as constant) (terms free xin N)

2 2
—Y.}-tan‘l l+ Y 0
y y

X

x*+y* -2tan? = =2
.V

|
OR x*+)* =2tan“-:—,+c1[where ¢, =2c| |

J EXACT DIFFRENTIAL EQUATION

* If Mand N are function of x and y, the equation M(x,y) dx + N(x,y) dy = 0
or it may be written as M dx + N dy = 0 is called exact when there exist a
function f(x, y) of x and y such thatd [f(x,y)] =M dx + Ndy

dyydx
X +y?

xdx +ydy + =0

solution (i) xdx +y dy + %y_&

» |

+y

OR( X2+y2}dx+(y+x +y_]dy 0

y 6M=

Here, M=x-

2

X+y oy

| X¥+yi-y2y | y-X°
(x> +y? )2 (x*+y?)

. Eqution (1) is exact and its solution is given by
Y B
x- dx + y dy = c
J ( X+ y ) J
(treating y as constant ) (terms free xin N)
1y
fz———Y.—l-t 12+ 2 -0
2 y y 2

x* + yz —2tan™ X 2c
y

OR x' +y’ =2tan™ = +¢,[where ¢, =2c]
y

T S A S . | §



We have (2ax + by)y dx + (ax + 2by) x dy =0

Here, M = 2axy + by ::% 2ax + 2by

N=ax’ + 2bxy ﬁgg=2u+2by
éM _éN

& &

[Qax +by)dax + [0=c

(treating y as a constant) (There is no term free from x in N)
ax’y +by’x =c

1 APPLICATION IN SOLVING PHARMACOKINETIC

EQUATIONS

Analysis of blood sample
Analysis of urine sample
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[ LAPLACE TRANSFORM |
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= 5. LAPLACE TRANSFORM OF DERIVATIVES

6. APPLICATION TO SOLVE LINEAR
DIFFERENTIAL EQUATIONS

= 7. APPLICATION IN SOLVING CHEMICAL
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J INTRODUCTION

* A transformation is a mathematical device which converts one function
into another function

Input Laplace | Output .
function f(t) — transformation [ function (s)

We can write L{f(t)} = F(s)

Where L is known as Laplace operator
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Laplace transformation of a real valued function f(t) of tforall >0 is

defined as

®

L {f(t)} = j e*f(t) dt = F(s)

0

Homogeneity: If any constant, then
L {kf(t)} = j' e kf{(t)dt
0

= kT e f(t)dt
0

= KL {f(t)}
L {kf(t)} = kF(s)

2. Additive property

if L{f()} =F(s) and L {g(t)} = G(s)
then L {ft) + g(t)} = L {f()} + L{g(t)} = F(s) + G(s)
Proof: By the definition of LT we have

L{ft) +8®} = [e™[f®) + g(®ldt
0

L{fit) +g(®} = [e"ft) dt + [e™g(t) at
0 0

L{f(t) +g(®)} =L{f(H)} + L{g(®}
L {fit) + g(t)} = F(s) + G(s)

Liner property

IfK, and K, are constant and

L {f(t)} = F(s), L {g(t)} = G(s)

Then L {K f(t) + K,g(t)} =K,L{f(t)} + K,L{g()}
=K,F(s) + K,G(s)

J PROPERTIES OF LAPLACE TRANSFORMATION

1.




LHS =L {k,f(t) + k,g(t)}
= L{kf®)} +L{k,g(®}

=k L{f®O} +k,L {g®)}
= k,F(s) + k,G(s)

4. Firsttranslational property

IfL{ft)} =F(s). then L {e"f(t)} =F(s-a)
By the definition of LT we have

L {e“ﬂt)} = Te"e"f(t) dt
0

e **If(t) dt

© Gy, B

= ]:e*“’f(t) at
0
L {e"f(t)} =F(s-a)

5. Change of scale property
IFL{f(t)} = F(s). then L {f(at)} = ~F(s-a)
a
By the definition of LT we have

L{f(at)} = Tc"c‘f(at) dt
i 0
= Tc"f(at) dt
17 <
= —[e* f(u) du
a 0

L {f(at)} = lF(f)

a a
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(J LAPLACE TRANSFORMS OF ELEMENTARY

FUNCTIONS
f(t) L{f(t)} = K(s)
1 Lsso
S
t". nis +ve integer ;2—,,!7, s>0
tn, n>'l I:’:ll,s)()
e ﬁ. 8> (a)
-at 1
¢ s+a
: a
sin at T s>0
cos at S >0
s’ +a’
sin h at — . $> ()
S
cosh at @
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(J INVERSE LAPLACE TRANSFORMS

» [If L{f(t)} = F(s) is called the inverse of laplace transformation of F(s) and
denoted by L! {f(s)} = f(t)
* Here L!isknown as the inverse of laplace transform operator.

Inverse laplace transform of elementary functions are listed as

1
f(t) L' {fs)} = F(t)
1, s>0 1 -
S
1 1 s>(a) e
|l s-a
1 tn-l t-l
;-;!s> O E-O!'T_;
&2 -taz ,5>0 %sinat
s
W'bo cos at
sziaz,s>|a| | %sinh at
S
azS> la coshat

' Properties of inverse LT

(1)Linear property : Ifk and k, are constants and
L*{F(s)j=f(t)and L* {G(s)} =g(t),then
L' {k,F(s)+kG(s)} =k,L* {P(t)} + kL' {G(s)}

=k f(t)+k,g(t)




proof :By defination of L.T..ew have,

L{k,f(t)+kg(t )}=Te"[klf(t )+ kzg(t)]dt

0
=k, [e-st f(t)dt +k, [e*g(t)dt
0 0

=k,F(s)+k,G(s)
k,f(t)+k,G(t)=L"[k,F(s)+k,G(s)]

(2) First translation or First shifting proprty:
IfL* {F(s)}=f(t) then L’ {F(s-a)} = e™f(t).
Proof: we know that,

F(s)= Te‘f(t )dt

. F(s-a)= Ie" "f(t)dt

=Ie“ [e“f (t )] dt
=L {e“f (t )}

= L*{F(s-a)}=e"f(t)

(3)second translation or second shifting property:
IfL? {F(s)}=f(t),then L?! {e"‘F(s)}zg(t),when

g(

)

proof : we know that
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®

= I e "™ put t+a=u  whent= Ou=a
0

dt=du  whent 5> xu—»

e F(s)= Te"“f (u-a)du =0+Te"‘f (u-a)du

=:[e‘“.0 dt+Te“f (t-a)dt
0 0

= T e™ g(t)dt, where, g(t)={f(t'a)'-t->3}

o 0 t<a

change of scaleproprty:If L* {F(s)}=f(t),then L? {F(as)} =%f (i]

J APPLICATION IN SOLVING CHEMICAL KINETICS
AND PHARMACOKINETICS EQUATIONS

* Tosolvea liner differentiation equation using laplace transform, there are
following steps:

* Step - I: Take the LT of both sides of given equation

* Step - II: Simplify algebraically the result to solve L{y} = Y(s) in terms of s.

* Step - lII: Find inverse laplace transform of Y(s)

Step - Algebric equation i
Liner diffretial equation in t Step | » tefmsroi' sq Honm
Taking LT
Calculus Allergic
base method Step -1l simplification
! Step 111 v
Solution y(t) - y(s) = L{y(t)}

Taking L1




dy
Sohe - —v=e":y(0)=0
5 y(0)

We have 0y —y=e'
dt

Taking LT of both the sides, we get

L{%’—'}-L{y} =L{e'}

t

sL{y}-»(0)-L{y} =-s—}i
1

C(s-1D)Y(@E)-0= —
s-1

1
(s+1)
Taking L' of both the sides, we get

el o f 1
EURA {(s+1)’}
yO) =¢'. L' {L:}

(s)
y(t) =e't

Y(s) =

EXAMPLE




