ANALYTICAL GEOMETRY
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O INTRODUCTION

Straightline is a curve such that all points of the line segment joining
any two points on it lie on it.

In analytic geometry aline in the plane is often defined as the set of
points whose co-ordinates satisfy a given liner equation.

< Equation of lines parallel to the co-ordinates axes

* Parallel to x-axis: Equation of a line parallel to x-axis at a distance k from
itisy = k ifthe line below to x-axis at a distance k, then its equation isy

= -k (fig.1)
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* Parallel to y-axis: Equation of a straightline parallel to y-axisat a
distance from y axisisx=aor x =-a.
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i » y=k A
PELEN
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(0,0) [} > -
a
Y » y=-k v
X=-a Xx=a
fig. 1 fig. 2

(J SLOPE OR GRADIENT OF A STRAIGHT LINE

* The slope of aline is the tangent of the angle which the line PQ makes
with the +ve direction of the x-axis and itis denoted by m.
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1. Ois positive if itis measured in anticlockwise direction from x and it
isnegativeif itis measured in clockwise direction

2. The angle of inclination of a line with positive direction of x-axisin
anticlockwise direction always lies between 0° and 180 °

J SLOPE OF A LINE JOINING TWO POINTS
* LetP (x,y;) and Q(x,y,) are two points on the line AB
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The slope of a line is the tangent of the angle which the line PQ makes
with the +ve direction of the x-axis and itis denoted by m.
The slope of AB is given by
Y)Y, ¥:?Y, Changein y-co-ordinate
m=—=_orm= =
X,X, x,x, Changein x-co-ordiate

in triangle PRQ

PR =x,-X,

QR =y,-y,

QR Y20
PR x,x,
Y29
XX,

tan @ =

m=tan € =

(J CONDITIONS FOR PARALLELISM AND

PERPENDICULARITY OF TWO LINES

Lety =m,;x + ¢, and y = m,x+c, are two given lines, they will be parallel
if the angle q is between them is either 0° or 180°

m,-m,

1+-mym,

if0=m;-m, =>m, =m,

tan 6=

or we can say that if m, =m, (Slope are same)
thus the linesa x + b,y + ¢, =0and

a,x +b,y+c, =0 will be parallel if

a, b,

3, B b,

coefficient of x and y are in proprtional.

The two lines y = m;x + ¢, and y = m,x + ¢, will be perpendicular if, the
angle between them is 90 °, tan q = tan 90 =, which possible, when
1+m;m; = 0 or m;m, = -1, The product of their slopes is equal to -1, thus,
the lines a;x + byy + ¢; = 0 and a;x + b,y + ¢, = 0 are perpendicular if

c

p y=max +c;

. a a
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y=mx+c




J SLOPE INTERCEPT FROM OF LINE

* Let AB isaline, which makes an angle 0 with the +ve direction of x axis
and cut an intercept c on +ve y axis. Then the equation of the line AB is
given by, y = mx+c, where m = tan 0 is called slope interceptfrom aline

y-axis
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0(0,0)

Question: Find the equation of a line which cut off an intercept of 3 unit on
negative direction of y axis and makes an angle of 120° with the positive

direction of x-axis.

m =tan@ =tan 120° = -J§

and c = -3 (intercept on y axis)
so the equation of line is y = mx+c

y=~/3% +(-3)
ory+ V3x +3=0

AY120°
N

NE

(0.-3)
N

Question: Find the equation of the straightline which makes equal
intercept on the axes and passes through the point (3, -5)

| 2.2 .

" h h
this line is passing through (3, -5)
h h

hence equation of required line is
Xt2 =-2

y =x+2 (Slope intercept fromm = 1, ¢ = 2)




Question: Find the angle between lines x-yxf; ~5=andx+3 + y-7=9

x-yv/3 -5=and x3+y-7=9
The equation of given lines are

x-@—-5=0
B+ y-7=9

The equation can be written in standard form (y = mx+c)

1 s
AN N
y=-\3x+7

Herem, = 31.3-

m, = -3
Clearly m, m, = (-713)(\/5)= 1

Both the lines are perpendicular to each other

Question: Find the equation of a line passing through (1,1) and
perpendicular to the line 3x-4y = 6.

Let AB is a line perpendicular to the given line 3x-4y = 6 A

The equation of AB is given by =p=p
3y+4x+4=0
the line is passing through (1,1) B

3+4+4=0 3x-4y-6=0
A=-T
3y+4x=17
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J INTRODUCTION

The processinverse to differentiation is called integration.

3 3
S x

For example, X? 5 2, x7 — 5 are integrals of Xz.

Thus we can write

- [fo0) dx = gx)+ ¢

The symbol j f(x) dx is read as the indefinite integral of f{x)
with repect to x. Iherc is the integral sign.

f(x) 1s the integral sign
X 1s the variable of integration
dx is the differential of x or the element of integration




(J STADARD FORMULAE

n+1

n+1
(l)i X |=x"n=- 1:Ix ax=X_+¢
dx{ n+1 n+1

d
ii)—(e")=e" > dx=e"dx=e" +c
(i) 2 )

x

+C

d x
(iif)— a =a‘,a>0,a¢1:>ja'dx=
dx\ log,a log,a

d 1 1
iv)—(log x)=—=>> |—dx=1lo
(iv)—~(log, x) === [ —dx =log,

x|+c

(v)-;;(log, x)=}1-(log.):> I%(log. e)dx =log, |x|+c
(vi)ad;(sinx)=cosx:> Icosx dx=sinx+c
(Vii)%(cosx)=—-sinx:> jsinxdx=—cosx+c
(Viii)ad;(tanx) =sec’ x> jsecz xdx =tanx+c
(ix)%(cot X)=—cosec’x = Icoseczx dx=-cotx+c
(x)ad;(secx)=secxtanx:>Isecxtanxdx=secx+c

N d
(m)d—(cosec x)=—cosec xcot x = Icosec xcot x dx =—cosec X+¢
X

d
(xn)dx (sin™x)

:> —dx=sin"'x+c
NErd b e
1

(xiii)%(cos"x)=— dx=cos' x+c

1-x?
(xiv)%(tan"x)=1+xz:>J'l+x2dx=tan"x+c
(xv)gx—(cot"x)=-1+1x2 :>j'—1+x2 dx =cot™ x+c
(xw)ab((secz‘1 Wx_—_jfmrdx X+c

. d - -1
xvii )—|( cosec =— = |- dx =cosec” X+¢C
( )dx( x) x\_)‘xz—l '[ xe’—l




J' x3dx
solution (i)
Let 1= I xdx

X4

I=—+C
4

14x°
{=

dx

szlixz dx
=I(%+x]dx

=j-1—dx+fxdx
X

X2
=logex+7+c

J’ e*1%8:a
solution

Let lzfe"'”"’dx
= I "% dx = f a*dx

X

a

= +C
log, a




l' (J METHOD OF SUBSITITUTION

* The method by which evaluating a integral by reducing it to standard
form by substitution is called integration by substitution.

J'8x+13

Jax+7

solution (i)

.'-8x+13

Nax+7

8x+13=A(4x+7)+B

Comparing the coefficient of x and constant term, we get
A4=8> A=2

and7A+B =13=>B=-1

. 8X+13=2(4X+7)-

I(x‘+x2+1)d

I=I(x‘+x2+1)d(x"‘)
=[(x*+x*+1)2xdx [ d(x*)=2xdx]
=2.'(x5+x’+x)dx
=2—x°+x‘+x2:|+c

6 4 2

6 x4 3
=—+—+X"+C
3 2




(J METHOD OF FRACTION

* If the integrad is in the form of an algebraic fraction and the integral can
not be evaluated by simple methods, we decompose the integrand into
its partial fractions

3
Ix2+x *

partial fraction of

x+x
3 3 A B

XI+x  x(x+l) x  x+1 |

3 = A(x+1)+Bx

3=(A+B)x+A

A+B =0

A=3

From equation i to ii we get A=3.B= -3
3 3 3

x3+x x x+1

3 dx ax
Jez==31 30

3log(x)-3log(x+1)+c
3log(x)-log(x+1)+c

X ).
3log | — |+¢
g(xﬂ)

J INTEGRATION BY PARTS

* Integration by parts is a techniques that relates the integral of a product
of two function. If f(x) and g(x) are two differentiable function of x. then

first function x integral of second function -
integral of [diffrential coefficient of the first x integral of second]




F

I= j x sin 3x dx
According to ILATE, algebric function taken as the first function

II

I=Ix sin 3x dx

T 1
S ¢

2 xj'sin Ixdx - j{%x[siu 3x }dx

B -‘_( ~cos 3x )"'I cos3x

3 3
xcos 3x sin3x
I= +
3 33
1 s | g
=——xcos3x+—s8in3x+c
3 9
1.
=——xc08 3x + Ssm 3x+c
!sin(logx)dx
I=Isin(]ogx)dx(Putlogx=t = x=¢')
1=J'sint.e*dt |

t
<

1*+17
cl
I= 3(sint-cost)+c

(sint -cost)tc

I= .’zi[sinaogx).cos(logx)]+c

Ia’(logx+ -l-)dx
. b4
I=f¢’(logx+ -l-)dx
X
r r 1
I=[elogx dx+ [¢ ~dx

e,
nmo1

I=logxe -I%e’dxi— Ia’ -i-dx

I=logxe* +c
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| O DEFINITE INTEGRALS

+ If f(x) is a continuous function defined on an interval [a, b] and if (x) is
the primitive of f(x). Then the definite integral of f(x) over [a, b] denoted

by
[ f(x)
[ f)de =[g(x)]; = (5) - #(a)

here a and b are called the lower limit and upper limit respectively. |

o

2 x" +1

3 xdx
2 x* 41
132xdx

2h2 gty U

=~ llog(x*+1)}

I=

= log10)-log®)]
_1,(10)_1
I—zlog( ; }- log 2 (Ans)
r’{coszx dx

I= 2'f'/cosxdx

I =—IO%(l+cos2x) dx

1[ sian]%
I=—lx+
2 21y
1[ 7r sinz sin0 | &
[=_|(Z 0+ hitgal
2( )—( z )] 7
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(J APPLICATION OF INTEGRATION

1. Average value of a function

b
[t e
l f"'=ab-a dx=b_a!f(x)dx

2. Area under curve: Lety = f(x) be the curve area bounded by the curve f
= f(x) between x = x, and x = x, isgiven by

A=Ty dx=x-ff(x)dx




