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J INTRODUCTION

Differentiation is a process to finding the derivative for a function at any
point

Lety is a function of x or y = f(x). Here x is independent variable and y is
dependent variable. Then the rate of change of dependent variabley
with respect to independent variable x is denoted by dy/dx.




- J DERIVATIVE OF A FUNCTION

y=f(x) .. (1)

If 8y isa small increment in the variable x and 8y

is the corresponding change in the variable y, then we have
y+dy =f(x+dx) (2)
subtracting (1) from (2), we get

8y = f(x+8x) - f(x)

Dividing by, we get

sy f(x+6x)—f(x)

Sx ox

since 8x is very small, so we can suppose that §x — 0, then

Sy —lim f(x+6x)-f(x)

lim—=
&0 §x  Sx—0 ox
f(x+86x)—f h)-f
Or d—y=lim (X x) (x)=1imf(x+ )-f(x) [5x=h(let)]
dx &0 Sx h—0

Thus, the derivative of a function f (x) can be defined as

Fi— :f (x): > lhl_r”pf (x+ hiz ~f(x) [right hand derivative]

-dix :f (x): = lhi_l)lolf(x - ’1)}1_ f(x) [left hand derivative]

] DERIVATIVE OF A CONSTANT

Let y = constant, then dy = i(constant) =0.
dx dx

Proof : Lety = f(x) =k (arbitary constant)

= g}—’-limg =0
h—0 h dx -0 h

— ———— -



I DERIVATIVE OF THE PRODUCT OF A |
CONSTANT AND A FUNCTION |

|| Letf(x) is a function and k is a arbitary constant,

then -g;[kf(x)] = k—:—x-f(x).

kf(x+h)-kf(x)
h
kf(x+h)—kf(x)=k limf(x+h)—f(x) d

=lim. : lim > =k.af(x).

Proof: We have i[k f(x)]zlim
dx h—0

(U DERIVATIVE OF THE SUM OR DIFFERENCE OF
TWO FUNCTIONS

If f(x) and g(x) are two functions of x, then —d;f(x)+:;g(x).
Proof : Let y=f(x)+g(x), then
dy_ [f(x+h)+ g(x+h)—|:f(x)+g(x)]]

dx 0 h
=1imf(x+h)—f(x)+g(x+h)—g(x)
0 h
=1hi_rgf(x+hz_f(x)+lhi_r’xgg(x+h)-g(x)
.dy d d
e (x)+a;g(x)
In general, %[fl(x)+fz(x)+ ...... +,(x)]= %fl(x)+i—fz(x)+....+%f,,(x) |
or -C;ix[fl(x)—fz(x)— ...... ~£,(x)] = %fl(x)—%fz(x)—....—%fn(x)

LINER PROPERTY |

%[klfl(x)-szz(x)— ...... —knfn(x)]zk,%f,(x)—kz%f:(x)-....—kn%f,(x)




J DERIVATIVE OF THE PRODUCT OF TWO
FUNCTIONS (PRODUCT FORMULA)

If f{x) and g(x) are two functions then

2 1) )] - 00 5-83) + 80051

Proof: Let y= f{x).g(x), then

o [f(x+h)-g(x+h)]-[f(x)g(x)]

dx o0 h

el [ g(x+h)-g(x) +g(x) |- f(x)-8(x)
h—0 h

_ unf (x+h) g(x+h)—g(x) +g(x);'+f[x+h)g(x)_f[x)g(x)
h—0 h

i D) e(x+h)-g()] . eCf(x+h)- )]
h—0 h h0 h

= f(lim [es ) )] +g(x)'}$[f(x+};)_ﬂxﬂ

% - fIX)ag(XPg(X)af(X)

Product rule for three functions :
Let f(x), g(x) and h(x) are three functions, then

—[f(X) g(x) h(x)| = [—f(x ]g(XJ h(x)+
f(X)[ag( )] h(x)+f(x)9(x)[ h(X)]

U DERIVATIVE OF THE QUOTIENT OF TWO
FUNCTIONS (QUOTIENT FORMULA)

(x)} g(x) f(x) f(x)—g(x)
(x) [g(x)]

If f(x) and g(x ) and two functions, then [

proof : we have,

f(x+h) f(x)| [ f(x+h)g(x)-f(x)g(x+h)]
d|f(x)_,|8(xh) g(x)| g(x+h)g(x)
dx g(x) b0 h 0 h

! 1L 3




H
h

h
g(x+h)g(x)

rl’(x+h)g(x)-f(x)g(x+h)‘]

:f(x+h)-—f(x)+f(x)g(x)-f(x)g(x+h)-
" h
=lm g(x+h)g(x)
1 um{{f(x+h)—f(x)g(x)+f(x)—f(x)g(x+h)}]
8(x)g(x) *~ h
[ {f(xm)—f(x)}]_ m[g(xm)-g(x)”
d d
1 T d d g(x)a-x—f(x)—f(X)d—g(X)
= x)—f(x)-f(x)—g(x) |= X
B 0000 o ] .
| _q_[f(x)]=g(x)d%f(x)‘f(x);;g(x)
dx| g(x) [g(x)]z

(J DERIVATIVE OF TRIGONOMETRIC FUNCTIONS
FROM FIRST PRINCIPLES
dy

1. Ify =sinx, then—== g—(sinx)= cos X
dx dx

Proof: Let y=f(x)=sinx

%xy_=mnf(x+h) . sin(x +h)-sinx

=1m

h—0 h h—0 h
2x+h)\ . (h
2cos 5 sin 5 o .
=lim ’sin x-siny =2 cos(-—y-)sin(—y)
h—0 h 2 2
sin( E) h sin(ﬁ) 1
) 2x+h 2 ) 2
=lim cos( ) = COS X -lim =1
h—0 2 h 0 (h
(2) i ( 2) ]
dy d

o Ex—(smx) =CO0S X.




dy d :
2.1fy = then = = —(cosx)= -sin x.
y = cos X, then y dx( )

X
| Proof : Let y=f(x)=cos x

_rjy_ —1lim f(x+h)-f(x) lim cos(x+h)—cos(x)
dx 0 h h—0 3

. (—h 2x+h
2sin| — ) sin 5 N -
= lim [ cosx—cosy=2 sm(y2 Jsm( Zy) }

h—0 h

sin—
I =—l"i_1310 sin(zx;h) hz ['.'sin(—x)z—sinx]

2
=-sinx

dy

=== i(smx) = —sinx.

Tdx  dx

3. If y=tan x ,then &y = —C-I—(tan x) =sec’ x.
dx dx

X
sin X

Proof: Lety=f{x) =tanx =
cos X

sin(x+h) sinx
b _ lim fix+h)-f(x) _ lim .€°S (x+h) cosx
dx M0 h h—0 h

sin(x + h)cos x—sinx cos(x + h)

—lim cos(x + h)cos x
b0 h

=lim sin h [ * sinx cos y- cos x sin y= sin(x- )]
h0 h cos (x+h) cos x ' y Y- y

1
=1. =sec’ x
COS X COS X
dy d
——)i=——-(tanx)=sec2 X.

dx dx

|




g — R —

4.1f y= sec x, then Q = i(sec Xx)=sec xtan x
dx dx

Proof: Lety =f(x) =secx=

cos X
i 1 1] [ cos x- cos(x+h) |
dy f(h+x) f(x) cos(x+ h) cos x ~1lim cos(x + h)cosx
dx h-m h h-»o h h—0 h
[ (h) . (2x+h)] - wll . (2x+h) )
2 sin| — [sin sin — sin
: 2 2 . 2 2
=lim =lim
h=0| h cos(h+x) cos x h—0 E cos(h+x) cos x
! I i
sin x
=1. =tan x sec X
COS X COS X
E'Z= 4q (cotx) = tan xsec x
dx dx
dy d
5.If y = cosec x, then —— = — (cosec x) = -cosec x cot x.
dx dx
Proof: Lety =f(x) = cosec x = —
sin x
1 1] [ sin x- sin(x+h) |
dy f( ) f(x+h) - f(x) — 1im| S (x+h) sinx —lim sin(x+ h)sinx
h—0 h h—0 h
] 1 !
[ ( h) (2x+h)_ P hll (2x+h) ]
2 sin| —— |cos sin— (| cos
, 2 2 : 2 L 2
=lim =lim| -
h—0|  h sin (h+x) sin x h-of  h || sin(x+h) sin x
- - - 2 = - P
CoS X
—1.————— =—cot x cosec x.
sin x sin x
i}-'- = 4 (cosec x) = —cotx cosec x.
dx dx




|

dy d
6. if y= cot x,then — = —(cot x)= -cosec’x.
y= cot x,then i dx( )

CcoS X
sin x

cos(x+h) cps
f(x+h)- sin(x-h) sinx
Q=Iim (x+h) f(x)=lim{ * }
dx ™0 h h—0

proof: Let =f(x)=cotx =

[ cos(x +h)sinx - cosxsin(x +h) |
sin(x+h)sinx
=lim

h—0 h

sin(-h) 1 ) )
1»13.:[ . :lsin(x+h)sinx [-.-smx cosx sin y(x—y)]

1
=-1.——  =_cosec’x.

"sinx sinx

dy d

Sl a(cot Xx)=—cosec’x.

U DIFFRENTIATION OF INVERSE
TRIGNOMETRIC FUNCTION

~d . 1 ., d 4 1
i)—(sin"" x)= — (cot™ x)=

(1) - ) — (iv) — (ot x)=——
o d a1 (v)i(sec'1 X)= 1
(ii) dx(cos X)= — i dx 1

d -1 1 1 d -1 — 1
ta — (vi)—(cosec™ x) =
(i) —-(tan”™ x)=—— ax T




| O SUCCESSIVE DIFFERENTIATION

The processes of differentiation of a function again and again is said to
be successive differentiation

let y = f{x) is a diffrentiable function of x, then

dy d’y d’y

are called 1%, 2®, 3"...n" derivative of y respectively.

The successive derivatives of y are also denoted as Dy, D’y, D’y..... D%y

oryl, y2, y3....yn or f'(x), f"(x), f "(x).....f"x)

U MAXIMA & MINIMA

The maxima and minima of a function are the largest or smallest value
of afunction are the largest or smallest value of the function, either
within given range or in the entire domain of a function.
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